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Abstract
Gravitational waves, and multi-messenger astronomy, in particular, have opened up a new win-
dow into the Universe. For instance, the recently established experimental fact that electromagnetic
and gravitational waves travel at the same speed in vacuum wiped out whole families of alterna-
tive gravitational theories. In this paper, we show in a model-independent way that the presence
of spacetime torsion affects the polarization, but not the speed, of gravitational waves as com-
pared with a torsionless spacetime. These results are the consequence of a careful examination
of the Weitzenbo¨ck–Lichnerowicz wave operator, the Weitzenbo¨ck identity, their generalizations
for spaces with torsion, and the study of the eikonal limit on Riemann–Cartan geometries. The
analysis is general enough to include waves for other fields and to discover when torsion affects
their polarization.
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I. INTRODUCTION
On August 17, 2017, the detection of a binary neutron star merger heralded a new era
of multi-messenger astronomy. On one hand, the LIGO/Virgo collaboration announced
the detection of the gravitational wave (GW) signal GW170817 [1], while on the other
hand, Fermi and other observatories detected its electromagnetic counterpart across the
spectrum [2, 3]. Remarkably, the almost simultaneous observations of both signals set a
bound on the GW speed in the sense that the difference between the speed of photons
and gravitons must be less than one part in 105. This observation starkly reduces the
number of viable alternative theories of gravity, refuting many in the Horndeski family,
among others [4–10].
This event dramatically shows that comparing the propagation of different kind of waves
on a curved spacetime can be a useful tool to put whole families of theories to the test.
The purpose of this article is to develop the tools to do the same with torsion and to test
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whether a specific region of spacetime has torsion or not.
The central idea is to study the propagation of different kinds of waves on a background
with nonvanishing torsion. This task is nontrivial since, as we will prove in the current
article, torsion does not change the dispersion relation, and therefore it does not change the
speed of propagation of waves. Therefore, massless waves in the “geometric optics” limit
propagate on null geodesics at the speed of light regardless of torsion. However, in some
cases, torsion affects the propagation of polarization and “ray density.” In carrying out
our analysis, we do not assume any particular theory or Lagrangian but focus exclusively
on the wave equation. Then we compare how different kinds of fields propagate on a fixed
background with curvature and torsion in the eikonal limit.
The wave equation for different p-form fields leads to different behaviors. For instance, a
classical electromagnetic wave will be oblivious to torsion (it is “torsion transparent”). In
contrast, gravitational waves should have different behavior regarding their polarization.
A spacetime geometry with nonvanishing torsion may have different origins. In the stan-
dard Einstein–Cartan–Sciamma–Kibble (ECSK) theory [11–13], torsion stems from a non-
vanishing spin tensor, but the effect would be feeble unless we have a region with a very
high fermion density (see Ref. [14, Sec. 8.4] and Ref. [15]). Recently, we considered an-
other possible source of torsion in d = 4 [16], where we studied Horndeski’s theory in the
context of Riemann–Cartan (RC) geometry. In that work, we found that, in general, non-
minimal couplings between geometry and scalar fields as well as second derivatives of scalars
in the Lagrangian are generic sources of propagating torsion, agreeing with other previous
works [17, 18].
Regardless of its origins, detecting torsion appears extremely difficult. Among the Stan-
dard Model particles, fermions should interact with torsion [14, 19]. However, the effect is
so weak that it is hard to imagine any foreseeable particle physics experiment which might
detect it (see, e.g., Ref. [14, Sec. 8.4]). That is why it becomes important to analyze whether
gravitational waves could provide an alternative way to test or even rule out the presence
of torsion.
This paper is organized as follows. In order to work with the wave operator efficiently on
spaces with curvature and torsion, we define some operators and study their properties in
Sec. II. After that, in Sec. III we review the well-known Weitzenbo¨ck–Lichnerowicz identity
relating the de Rham and Beltrami wave operators in the standard torsionless case, but using
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the operators introduced in Sec. II. In this section, we revisit some well-known examples
(electromagnetic waves and the wave equation for the Riemann curvature) in order to allow
the reader to get familiar with the notation. The wave operator that arises from the Einstein
equations in the case of nonvanishing torsion [16, 20] inspired us to introduce in Sec. IV a
generalized wave operator compatible with background geometries with torsion. This wave
operator only differs from the standard case for fields with free Lorentz indices on spaces with
torsion. In Sec. V, we study the eikonal limit for this operator. We show that the dispersion
relation is not affected by torsion, but a nonvanishing torsion changes the propagation of
polarization and the conservation of the density of rays in the geometric optics limit.
In Sec. VI we offer our conclusions and a discussion of how these results may apply to
the case of gravitational waves, and how they could be used to detect torsion.
II. NOTATION AND SOME BASIC OPERATORS
Let M (d) be a d-dimensional manifold endowed with a metric g = gµνdx
µ ⊗ dxν , and
let ea = eaµdx
µ be its associated basis of orthonormal one-forms, often called the vielbein,
defined implicitly by
gµν = ηabe
a
µe
b
ν , (1)
where ηab = diag (−1, . . . ,−1,+1, . . . ,+1), with a signature of η− negative directions and
d−η− positive directions. Similarly, we define an orthonormal basis of vectors as ~ea = ea
µ∂µ,
satisfying
gµν = ηabea
µeb
ν . (2)
We use Greek indices to denote coordinate basis (“spacetime”) components and lowercase
Latin indices to denote orthonormal basis (“tangent space”) components.
Given a metric, we can map p-forms into (d− p)-forms using the Hodge dual ∗ :
Ωp
(
M (d)
)
→ Ωd−p
(
M (d)
)
, acting on a p-form α as
∗α =
√
|g|
p! (d− p)!
αµ1···µpǫµ1···µpν1···νd−pdx
ν1 ∧ · · · ∧ dxνd−p. (3)
In terms of the Hodge and the vielbein forms, we can define the operators Ia1···aq as the
map from p-forms to (p− q)-forms,
Ia1···aq : Ωp
(
M (d)
)
→ Ωp−q
(
M (d)
)
, (4)
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given by
Ia1···aq = (−1)(d−p)(p−q)+η− ∗ (ea1 ∧ · · · ∧ eaq ∧ ∗ . (5)
These operators have many properties and obey an interesting algebra,
Ia1···amIb1···bn = Ib1···bna1···am . (6)
The most useful case is q = 1,
Ia = (−1)d(p−1)+η− ∗ (ea ∧ ∗ , (7)
because it satisfies the Leibniz identity,
Ia
(
α(p) ∧ β(q)
)
= Iaα
(p) ∧ β(q) + (−1)p α(p) ∧ Iaβ
(q). (8)
We define the covariant derivative in both bases using the affine connection Γλµν and the
spin connection one-form ωab. Given a vector ~V = V µ∂µ = V
a~ea, we have
∇~V =
(
∂µV
λ + ΓλµνV
ν
)
dxµ ⊗ ∂λ, (9)
and
D~V =
(
dV a + ωabV
b
)
⊗ ~ea. (10)
Demanding that ωab and Γλµν codify the same parallel transport for
~V implies ∇~V = D~V .
This leads us to the “vielbein postulate,”
∂µe
a
ν + ω
a
bµe
b
ν − Γ
λ
µνe
a
λ = 0. (11)
The vielbein postulate implies the equivalence of using D or ∇ on any tensorial zero-form.
The same is not true for general p-forms. On p-forms, both derivatives have a different action.
The covariant derivative D includes the antisymmetrization wedge operator and maps p-
forms into (p+ 1)-forms, D : Ωp
(
M (d)
)
→ Ωp+1
(
M (d)
)
. However, even more importantly,
the operator D does not perform parallel transport on spacetime indices. For instance, when
writing the torsion two-form T a as
T a = Dea = dea + ωab ∧ e
b, (12)
it is important to notice that we are not performing any parallel transport on the “hidden”
spacetime index of ea = eaµdx
µ.
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In contrast, the ∇-operator performs parallel transport on every index, regardless of kind.
This difference between both operators is simple but frequently misunderstood. Once the
vielbein postulate is imposed, the choice of basis is irrelevant. This is not about ∇ being a
“spacetime” derivative and D a “tangent space” derivative. The difference between ∇ and
D is just that the former applies parallel transport on everything that is acts on while the
second one is a bit more selective.
For instance, that is why we have
D2~V = RabV
b ⊗ ~ea, (13)
but
∇∧∇~V =
1
2
[
RρσµνV
σ − T λµν∇λV
ρ
]
dxµ ∧ dxν ⊗ ∂ρ, (14)
where the curvature two-form components are given by
Rab = dω
a
b + ω
a
c ∧ ω
c
b,
= eaρeb
σ 1
2
Rρσµνdx
µ ∧ dxν ,
with
Rρσµν = ∂µΓ
ρ
νσ − ∂νΓ
ρ
µσ + Γ
ρ
µλΓ
λ
νσ − Γ
ρ
νλΓ
λ
µσ, (15)
T λµν = Γ
λ
µν − Γ
λ
νµ. (16)
The difference between D and ∇∧ depends on torsion. Indeed, it is possible to show that
D = ∇∧+T c ∧ Ic. (17)
It proves useful to define a third kind of covariant derivative besides D and ∇ in order to
explore the wave operator in spaces with nonvanishing torsion. The new derivative, denoted
by Da, maps p-forms to p-forms, Da : Ω
p
(
M (d)
)
→ Ωp
(
M (d)
)
, and is defined explicitly by
the anticommutator
Da = IaD+DIa. (18)
The Da-operator has many properties, but the most important of them is that it satisfies
the Leibniz rule (without any sign correction),
Da
(
α(p) ∧ β(p)
)
= Daα(p) ∧ β(p) + α(p) ∧ Daβ(p), (19)
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and that it satisfies a commutation relation with the Hodge dual given by
[Da, ∗] = IaT
b ∧ Ib∗. (20)
It is possible to prove that the covariant derivative ∇a = ea
µ∇µ is related to Da (and
therefore, to D) through the expression
∇a = Da − IaT
b ∧ Ib, (21)
= IaD+DIa − IaT
b ∧ Ib.
From eqs (17) and (21), and comparing eq. (13) with (14), it is clear that these derivatives
are equivalent when torsion vanishes.
We use a circle above a quantity to denote its torsionless version. For instance, the spin
connection ωab splits as ωab = ω˚ab + κab, where the torsionless piece ω˚ab satisfies
D˚ea = dea + ω˚ab ∧ e
b = 0 (22)
and the contorsion one-form κab is related to torsion through T a = κab ∧ e
b. In the same
way, the Lorentz curvature splits as
Rab = R˚
a
b + D˚κ
a
b + κ
a
c ∧ κ
c
b, (23)
where R˚ab is the Riemann curvature two-form.
In the torsionless case, the covariant derivatives are related as
D˚ = ∇˚∧, (24)
∇˚a = D˚a = IaD˚ + D˚Ia. (25)
In Secs. IIIA and IIIB we present the standard Weitzenbo¨ck identity for the wave opera-
tor using the operators we just introduced. In Sec. IV, we study a generalized Weitzenbo¨ck
identity for spaces with torsion, and we analyze how it affects the eikonal approximation
and polarization for an arbitrary p-form wave in Sec. V.
Since the goal of this paper is to study the propagation of waves on spaces with torsion,
in Secs. III and IV we use the term “wave operator,” but the results presented here are
equally valid for other Laplacians regardless of the metric signature.
7
III. THE WAVE OPERATOR AND THE CANONICAL WEITZENBO¨CK IDEN-
TITY
There are at least two wave operators,  : Ωp
(
M (d)
)
→ Ωp
(
M (d)
)
, that are relevant in
physics. One of them is the Laplace–de Rham operator
dR = d
†d + dd†, (26)
defined in terms of the standard exterior derivative, d : Ωp
(
M (d)
)
→ Ωp+1
(
M (d)
)
, and the
coderivative operator, d† : Ωp
(
M (d)
)
→ Ωp−1
(
M (d)
)
, which is given by
d† = − (−1)d(p+1)+η− ∗d∗. (27)
The other important wave operator is the standard Laplace–Beltrami operator, B =
−∇˚λ∇˚λ. Both operators are related via the Weitzenbo¨ck identity, a relation of the form
dR = B + (Riemann curvature terms). (28)
These “Riemann curvature terms” change depending on the degree of the form that the
wave operator acts on. The identity is well-known but cumbersome (see, e.g., Ref. [21,
Ch. V, Sec. B.4] and Ref. [22, Ch. 6.3]).
The purpose of Secs. IIIA and IIIB is not to develop new mathematics or physics, but
instead to show how to use the operators introduced in Sec. II to study this problem in a way
that is simpler than usual. For instance, much of the content and examples of Secs. IIIA
and IIIB has already been thoroughly studied in Ref. [23], with a different notation and
procedures as here. In Secs. IV and V, we use these operators and procedures to develop a
new physical approach to the propagation of waves in spaces with nonvanishing torsion.
A. Case of scalar p-forms
A scalar p-form is a form Φ = 1
p!
Φµ1···µpdx
µ1 ∧ · · · ∧ dxµp with only spacetime indices and
no other indices. For instance, the electromagnetic potential one-form A = Aµdx
µ and the
field strength two-form F = dA are scalar forms. The vielbein ea, the torsion T a, and the
curvature Rab are nonscalar forms.
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The Weitzenbo¨ck formula can be understood easily by observing that the coderivative on
scalar p-forms can be rewritten as
d†Φ = −IaD˚IaΦ. (29)
It is important to notice that this last identity just includes the torsionless piece of the
geometry, regardless of whether torsion vanishes or not on the manifold. The left hand side
only has information on the metric and not on the contorsion. Therefore, the right hand
side can not include such information either.
Since the scalar form p-form Φ lacks any index to perform parallel transport with the D˚
operator, we can also write dΦ = D˚Φ = DΦ. This means that for de Rham’s definition,
dRΦ = d
†dΦ + dd†Φ, (30)
we can write
dd†Φ = −D˚IaD˚IaΦ, (31)
d†dΦ = −IaD˚IaD˚Φ. (32)
However, let us observe that
d†dΦ = −IaD˚IaD˚Φ,
= −IaD˚
(
D˚a − D˚Ia
)
Φ,
= −
(
D˚a − D˚Ia
)
D˚aΦ + I
aD˚2IaΦ,
= −D˚aD˚aΦ+ D˚I
a
(
IaD˚Φ + D˚IaΦ
)
+ IaD˚2IaΦ.
Since IaIa = 0, −dd
†Φ = D˚IaD˚IaΦ, and −D˚
aD˚a = −∇˚
λ∇˚λ = B, we have that
dRΦ = BΦ+ IaD˚
2IaΦ, (33)
and therefore
dRΦ = BΦ + Ia
(
R˚ab ∧ I
bΦ
)
= BΦ + IaR˚
a
b ∧ I
bΦ + R˚ab ∧ IaI
bΦ.
From here we arrive at the standard Weitzenbo¨ck identity written in terms of the operators
defined in eqs. (5) and (7):
dRΦ = BΦ + IaR˚
a
b ∧ I
bΦ− R˚ab ∧ IabΦ. (34)
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The best known examples of this relation are given by classical electromagnetism in
curved space. For instance, the Maxwell equations in vacuum can be written as
d†F = d†dA = 0. (35)
Choosing the Lorenz gauge, d†A = 0, we have
dRA = d
†dA + dd†A = 0, (36)
and therefore
BA+ IaR˚
a
b ∧ I
bA = 0. (37)
In terms of coordinate components, this last equation reads
(
−∇˚λ∇˚
λAν + R˚µνA
µ
)
dxν = 0, (38)
where R˚µν = R˚
λ
µλν is the canonical torsionless Ricci tensor.
For the field strength, from d†F = 0 and dF = 0 we have dRF = d
†dF + dd†F = 0,
and therefore
BF + IaR˚
a
b ∧ I
bF − R˚abIabF = 0. (39)
In terms of coordinate components, this last equation leads to the canonical relation
1
2
[
−∇˚λ∇˚
λFµν + R˚λµF
λ
ν − R˚λνF
λ
µ − R˚
ρσ
µνFρσ
]
dxµ ∧ dxν = 0. (40)
An important point here is that all derivatives and curvatures in these expressions are
torsionless, regardless of whether the background space has torsion or not. The de Rham
operator dR = d
†d+ dd† only includes information on the metric through the Hodge dual,
and it doesn’t need the spin connection to be defined. Therefore, such information cannot
appear in the curvature terms at the right hand side of the Weitzenbo¨ck identity.
B. Case of p-forms with free indices on torsionless geometries
When considering p-forms ΨA = 1
p!
ΨAµ1···µpdx
µ1∧· · ·∧dxµp in some matrix representation
of the local SO(d) group algebra,
δΨA =
1
2
λab [Jab]
A
BΨ
B, (41)
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we find that the de Rham operator dR = d
†d + dd† is not covariant under these transfor-
mations. This means that operators such as dRΨ
A =
(
d†d + dd†
)
ΨA are ill-defined.
On spaces without torsion, this problem has a simple solution. In analogy with the
de Rham definition, we can define a covariant coderivative, D˚† : Ωp
(
M (d)
)
→ Ωp−1
(
M (d)
)
,
as
D˚† = − (−1)d(p+1)+η− ∗D˚∗, (42)
and in terms of it we define the Lichnerowicz–de Rham operator [24, 25] as the covariant
generalization of dR,
L = D˚
†D˚ + D˚D˚†. (43)
Again, we have that the identity
D˚†ΨA = −IaD˚IaΨ
A (44)
is satisfied. From this, we find that the result from the last section still holds true,
LΨ
A = BΨ
A + IcD˚
2IcΨA,
= BΨ
A + Ic
(
R˚ce ∧ I
eΨA +
1
2
R˚ab [Jab]
A
B ∧ I
cΨB
)
,
and therefore
LΨ
A = BΨ
A + IaR˚
a
b ∧ I
bΨA − R˚ab ∧ IabΨ
A +
1
2
IcR˚
ab [Jab]
A
B ∧ I
cΨB. (45)
Perhaps the best known example of this case is provided by applying L to the Riemann
curvature itself (see exercise 15.2 of Ref. [26]). Solving such an example in the standard
tensorial language is a long algebraic nightmare, but with the operators introduced here it
is a trivial exercise. In fact, a vacuum solution of Einstein equations satisfies D˚†R˚ab = 0,
and using the Bianchi identity D˚R˚ab = 0, we find in this case that
[
D˚†D˚ + D˚D˚†
]
R˚ab = 0.
After a couple of lines of algebra, eq. (45) lead us to
BR˚
ab + IcR˚
ce ∧ IeR˚
ab − R˚ceIceR˚
ab − 2IcR˚
a
e ∧ I
cR˚be = 0. (46)
Writing this in the coordinate basis we find
1
2
[
−∇˚λ∇˚λR˚
αβ
µν + R˚
λ
µR˚
αβ
λν − R˚
λ
νR˚
αβ
λµ − R˚
ρσ
µνR˚
αβ
ρσ+
−2
(
R˚αρσµR˚
βρσ
ν − R˚
α
ρσνR˚
βρσ
µ
)]
dxµ ∧ dxν = 0. (47)
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On a vacuum solution of the Einstein equations, R˚λν = 0, we recover the standard expression
− ∇˚λ∇˚λR˚
αβ
µν − R˚
ρσ
µνR˚
αβ
ρσ − 2
(
R˚αρσµR˚
βρσ
ν − R˚
α
ρσνR˚
βρσ
µ
)
= 0. (48)
Of course, the Lichnerowicz–de Rham operator L = D˚
†D˚+D˚D˚† reduces to the standard
de Rham operator dR = d
†d+dd† when applied to a scalar p-form. The difference between
both is subtle but important. The de Rham operator dR = d
†d+dd† does not care whether
the background geometry has torsion or not. In any case, the wave operator on a scalar
p-form Φ is sensitive only to the torsionless piece of the geometry. The same is not true in
the case of a nonscalar p-form ΨA. In this case we had to impose the torsionless condition
in order to define the Lichnerowicz–de Rham operator L = D˚
†D˚ + D˚D˚†.
As we shall see in the next section, it is nontrivial to extend these results to spaces
with nonvanishing torsion. In fact, there are two nonequivalent ways of extending the
Lichnerowicz–de Rham operator in these cases.
IV. THE WAVE OPERATOR AND TORSION
It is not trivial to generalize the wave operator L for nonscalar forms Ψ
A in the case
of nonvanishing torsion. The problem lies in the fact that there is no single, clear way of
generalizing the coderivative operator d† = − (−1)d(p+1)+η− ∗d∗ in the torsional case. The
most straightforward way of doing it may seem to be with D† : Ωp
(
M (d)
)
→ Ωp−1
(
M (d)
)
,
given by
D† = − (−1)d(p+1)+η− ∗D∗. (49)
However, the proofs of the last section strongly suggest the alternative definition, D‡ :
Ωp
(
M (d)
)
→ Ωp−1
(
M (d)
)
, given by
D‡ = −IaDIa (50)
as the “right” generalization of d† in this case.
The problem does not appear for scalar p-forms and vanishing torsion, because in this
case D˚† = D˚‡. But both coderivatives differ in the torsional case, as the following equation
shows:
D†ΨA = D‡ΨA + Iaκ
a
bI
bΨA + κab ∧ IabΨ
A, (51)
where κab are the components of the contorsion one-form, T a = κab ∧ e
b.
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Both coderivatives seem “reasonable,” but an important distinction should be done. First,
only D‡ lead us to a “clean” version of the Weitzenbo¨ck identity. When using D† it seems
unavoidable to end up with a “messier” version of the Weitzenbo¨ck identity involving deriva-
tives of torsion and ΨA. The second point is that when applying it to the gravitational wave
case, the wave operator given by the dynamics seem to be naturally constructed from D‡
instead of from D† [16].
In fact, when defining a generalized de Rham operator, GdR : Ω
p
(
M (d)
)
→ Ωp
(
M (d)
)
,
as
GdR = D
‡D+DD‡
= − (IaDIaD +DI
aDIa) ,
we get a generalized Weitzenbo¨ck identity with the same form as before,
GdRΨ
A = GBΨ
A + IaR
a
b ∧ I
bΨA − Rab ∧ IabΨ
A +
1
2
IcR
ab [Jab]
A
B ∧ I
cΨB, (52)
but with the Lorentz curvature Rab = R˚
a
b + D˚κ
a
b + κ
a
c ∧ κ
c
b, which encodes metric and
affine degrees of freedom, instead of only the purely metric Riemann curvature two-form,
R˚ab.
Here it is important to notice that the generalized Beltrami operator, GB : Ω
p
(
M (d)
)
→
Ωp
(
M (d)
)
, is given by
GB = −D
aDa, (53)
and therefore constructed in terms of Da : Ω
p
(
M (d)
)
→ Ωp
(
M (d)
)
,
Da = IaD +DIa
= ∇a + IaT
b ∧ Ib,
instead of ∇a, as the “usual” Beltrami operator B = −∇
a∇a.
A. Generalized Weitzenbo¨ck identity for an arbitrary Lie (super)algebra
Using the above introduced definitions it is straightforward to write down a “gauge
Weitzenbo¨ck identity” for any Lie (super)algebra including a Lorentz subalgebra. Let us
consider a generic algebra-valued gauge connection one-form and a matrix representation of
13
the Lie algebra generators [TA]
α
β,
AA [TA]
α
β =
1
2
ωab [Jab]
α
β + (other tems), (54)
such that the algebra-valued gauge curvature two-form can be written as
FC [TC ]
α
β =
(
dAC +
1
2
CAB
CAA ∧AB
)
[TC ]
α
β
=
1
2
Rab [Jab]
α
β + (other curvature tems),
where C CAB are the structure constants of the Lie (super)algebra.
Let us call now
DΨα = dΨα + AA ∧ [TA]
α
βΨ
β (55)
and let us again make the same definitions but in terms of the full gauge derivative, i.e.,
D‡ = −IaDIa, Da = IaD + DIa, GB = −D
aDa, etc. In this case, it is trivial to get the
“gauge-generalized” Weitzenbo¨ck identity as
GdRΨ
α = GBΨ
α + IaR
a
b ∧ I
bΨα − Rab ∧ IabΨ
α +
1
2
IcF
A [TA]
α
β ∧ I
cΨβ (56)
for a general gauge theory. The only difference is the appearance of the full gauge curvature
in the last term.
It is important to emphasize that all the general definitions and the generalized Weitzenbo¨ck
identity we are proposing reduce to the standard case when considering scalar forms or van-
ishing torsion.
In the next section we will use the generalized Weitzenbo¨ck identity and the properties
of Da = IaD+DIa to study the propagation of a p-form wave GdRΨ
A = 0 on a space with
curvature and torsion.
V. THE EIKONAL LIMIT IN SPACES WITH CURVATURE AND TORSION
In this section we study the behavior of a nonscalar p-form ΨA satisfying the generalized
wave equation GdRΨ
A = 0.
In order to accomplish this, we use the well known two-parameter eikonal approximation,
or WKB approximation in the context of quantum mechanics (see, e.g., Ref. [26, Ch. 22.5]
and Ref. [27, Ch. 1.5.1]). When the eikonal approximation conditions are not fulfilled, it
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is possible to find anomalous dispersion relations even in standard general relativity, e.g.,
electromagnetic waves not traveling on null geodesics [28, 29]. Since the purpose of the
current article is to study the effects of torsion on the propagation of waves, and not to
study generic anomalous dispersion relations for other geometrical reasons, we will assume
that the eikonal conditions hold throughout.
Let us consider a background geometry described by slowly-varying curvature Rab and
torsion T a, changing on characteristic lengths given by LR and LT . On this geometry we
have a p-form field ΨA satisfying the generalized wave equation
(
D‡D +DD‡
)
ΨA = 0. (57)
This p-form field ΨA can be written as
ΨA = eiθψA, (58)
where θ is a rapidly-changing real phase with a characteristic length λ, and ψA is a complex
valued p-form. The complex valued p-form ψA changes slowly over scales given by a length
parameter Lψ. Defining the parameter
ε =
λ
min (Lψ, LR, LT )
, (59)
the eikonal limit corresponds to the ε≪ 1 case. We can expand the amplitude as
ψA =
∞∑
n=0
ψA(n), (60)
where ψA(n) is a term of order ε
n. In this way we can split the amplitude as a dominant,
λ-independent p-form amplitude ψA(0) piece plus small “geometric optics” deviations due to
the finite wavelength.
Let us call k = dθ = kae
a = kµdx
µ the “wave one-form.” Using eq. (58) and the general-
ized Weitzenbo¨ck identity (56), it is possible to show that
(
D‡D +DD‡
)
ΨA = eiθ
[
k2ψA − 2i
(
kaDaψ
A −
1
2
ψAD‡k
)
+
(
D‡D +DD‡
)
ψA
]
, (61)
where k2 = kaka.
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Using the eikonal approximation to split orders in ε we get
k2ψA(0) = 0, (62)
k2ψA(1) − 2i
(
kaDaψ
A
(0) −
1
2
ψA(0)D
‡k
)
= 0, (63)
∞∑
n=0
[
k2ψA(n+2) − 2i
(
kaDaψ
A
(n+1) −
1
2
ψA(n+1)D
‡k
)
+
(
D‡D+DD‡
)
ψA(n)
]
= 0. (64)
From these we read the dispersion relation,
k2 = 0, (65)
the propagation of the leading term of the complex-valued amplitude p-form ψA(0),
kaD
aψA(0) −
1
2
ψA(0)D
‡k = 0, (66)
and the higher-order deviations from “geometric optics,”
∞∑
n=0
[(
D‡D+DD‡
)
ψA(n) − 2i
(
kaDaψ
A
(n+1) −
1
2
ψA(n+1)D
‡k
)]
= 0. (67)
It is remarkable that torsion does not affect the dispersion relation. The “wave one-
form” is null. From this and the fact that dk = d2θ = 0, it is straightforward to prove that
regardless of whether the background geometry has torsion or not, one always has
kµ∇˚µk
ν = 0 , (68)
i.e., k = kµdx
µ moves along null geodesics (and not along null self-parallels). The dispersion
relation does not care at all whether the background geometry has torsion or not. The same
is not true regarding polarization.
We shall write the complex-valued amplitude p-form ψA(0) as the product of a real scalar
amplitude ϕ and a complex-valued polarization p-form PA,
ψA(0) = ϕP
A, (69)
normalized as
(−1)η− ∗
(
P¯A ∧ ∗P
A
)
= 1, (70)
whence
ϕ2 = (−1)η− ∗
(
ψ¯A(0) ∧ ∗ψ
A
(0)
)
. (71)
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Here we have to observe that in the standard scalar p-form/torsionless geometry case it
is possible to prove that, in the eikonal limit,
kλ∇˚λP
A = 0 (72)
(i.e., polarization is parallel transported along geodesics), and that the one-form current
J = ϕ2k (the “ray density” or “number of photons” in the electromagnetic case) is conserved,
d†J = 0. (73)
Neither of these are true in the torsional case.
Let us show how the conservation of J = ϕ2k and the propagation of PA get affected by
the presence of torsion. In order to do this, let us observe that from eq. (71) we have that
kaDaϕ
2 = (−1)η− kaDa∗
(
ψ¯A(0) ∧ ∗ψ
A
(0)
)
, (74)
and using the property (20) we get from here that
kaDaϕ
2 = (−1)η− ∗
[
kaDaψ¯A(0) ∧ ∗ψ
A
(0) + ψ¯A(0) ∧ ∗k
aDaψ
A
(0)
]
− ϕ2TabcΠ
abkc, (75)
where Tabc are the orthonormal components of the torsion two-form, Ta =
1
2
Tabce
b ∧ ec, and
Πab given by
Πab = ηab −
1
2
(−1)η− ∗
[
IaPA ∧ ∗IbP¯A + I
aP¯A ∧ ∗IbPA
]
. (76)
Using eq. (66) for the propagation of the amplitude, eq. (75) takes the form
kaDaϕ
2 = −Daka (−1)
η
− ∗
[
ψ¯A(0) ∧ ∗ψ
A
(0)
]
− ϕ2TabcΠ
abkc, (77)
and from eq. (71) we get
DaJ
a = −TabcΠ
abJc (78)
with Ja = ϕ2ka. It is possible to write eq. (78) in terms of the coderivative as
d†J = Tabc
(
ηab +Πab
)
Jc. (79)
From this, it is clear that in the case of nonscalar forms on a background with nonvan-
ishing torsion, the conservation of the “ψ-ray density” J is broken, d†J 6= 0, and depending
on the sign of the right hand side of eq. (79), torsion can either reinforce or damp the
propagation of the wave.
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This result also implies that the polarization is not going to be parallel-propagated unless
torsion vanishes. In fact, replacing eq. (69) in eq. (66) we get
kaDaP
A +
1
2ϕ2
DaJ
aPA = 0. (80)
Using eq. (78) it is clear that in this case
kaDaP
A =
1
2
TabcΠ
abkcPA, (81)
and finally, using eq. (17),
ka∇aP
A =
1
2
TabcΠ
abkcPA − kaIaT
b ∧ IbP
A. (82)
Therefore, the polarization form is not parallel-propagated on self-parallels, and neither on
geodesics in this case.
We have arrived at a complex picture for a p-form ΨA wave
(
D‡D +DD‡
)
ΨA = 0 on a
space with torsion. The dispersion relation is the standard one: the wave will propagate at
the speed of light on null geodesics regardless of torsion. However, its geometric optics limit
will have some anomalous features: the associated “ray density” one-form is not conserved
d† (ϕ2k) 6= 0, and even further, polarization is not be propagated through null geodesics,
∇˚~kP
A 6= 0. Both the scalar amplitude ϕ and the polarization p-form PA are interacting
with the background torsion while the wave is propagating on null geodesics.
VI. CONCLUSIONS: GRAVITATIONAL WAVES AND TORSION
In this work, we have studied the wave operator and the Weitzenbo¨ck identity for spaces
endowed with torsion, and we have seen how this can affect the “geometrical optics” limit
for the field under consideration. The main conclusion is that, regardless of the type of
wave, the presence of torsion does not change the dispersion relation, but it does change the
propagation of polarization for fields carrying free Lorentz indices. This result is also valid
for gravitational waves, and therefore the detection of GW170817 and its optical counterpart
does not rule out torsion. However, comparing the propagation of polarization for different
kinds of waves we could in principle test whether a specific region of spacetime has torsion
or not.
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Gravitational waves carry a free Lorentz index and therefore could be used to test torsion.
Linear and second-order perturbations on a geometry with torsion have been considered in
Ref. [20], and gravitational waves in this case have been briefly considered in Ref. [16].
In short, gravitational waves can be studied in this case as perturbations on a background
vielbein ea and spin connection ωab, parametrized as
ea 7→ e¯a = ea +
1
2
Ha, (83)
ωab 7→ ω¯ab = ωab + Uab (H) + V ab, (84)
where the vielbein perturbation Ha = Haλdx
λ in eq. (83) is related to the standard pertur-
bation on the metric g¯µν = gµν + hµν by [20]
Haµ = e
a
α
[
hαµ −
1
4
hαβh
β
µ +
1
8
hαβh
β
γh
γ
µ − · · ·
]
. (85)
The spin connection perturbation can be split in eq. (84) as a term Uab carrying the
Ha-dependence, and V ab, corresponding to a “torsionon” [20] or “roton” [30] perturbation.
When working with gravitational waves on a background with curvature and torsion, Ha
satisfies a wave equation given by the operator GdR = D
‡D+DD‡ plus some extra couplings
with torsion and curvature. Working in a simplified case where
(
D‡D+DD‡
)
Ha = 0, we
can use the eq. (81) on the polarization P a = P aλdx
λ of the gravitational wave Ha to find
that while being transported along the null geodesic it interacts with the background torsion
via
kc∇˚cPm =
1
2
kc
[
TabcΠ
abPm − (Tamc − Tmac + Tcma)P
a − (Tacp − Tcap + Tpca) e
pImP
a
]
. (86)
The details of this interaction will strongly depend on the solution being considered and
deserve a separate treatment, which will be reported elsewhere. However, regardless of these
details, it seems plausible that an arrange of gravitational wave detectors separated by a
long distance on the path of a gravitational wave could measure changes on the polarization
of the wave along the path. A parallel-transported polarization kc∇˚cPm = 0 along this path
would indicate the absence of torsion; a different result would signal to the contrary.
In some aspects, the effect could be thought of as a gravitational version of the optical
rotation (Faraday effect) for electromagnetic waves. However, the analogy is broken be-
cause of the absence of birefringence; the refraction index is always n = 1 regardless of the
polarization.
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